A GENERALIZED BESSEL INEQUALITY ELENA PRESTTNI
Abstract. To any pair of diadic intervals [/, u] with / Q [0, 1) and a = [Nu, Nu + \I\~l) we associate the function u^,^x) = \I\~^^2e'N"xXr(x)-In this paper we will give a condition under which a collection B of such pairs satisfies the inequality :%^*KW*)./M>P < 20°ii/nifor a**/"1 *J* •)• Introduction. In this paper we prove an inequality of Bessel type for functions in L2[0, 1) with respect to a class of "almost orthogonal" systems. These systems can be described as collections of functions obtained by restricting to diadic intervals of length 2~" characters whose frequency is a multiple of 2" (n > 0). The "almost orthogonality" of the systems is given by an interesting property of separation on the supports of the characters involved or on their frequency.
These systems, which might seem not that natural at a first glance, turned out to be very useful in studying the problem of pointwise convergence of Fourier series [4] . We will say more about this at the end of the paper. For the proof see [1] . We shall also need the following Lemma. Suppose L is an integer not smaller than 1 and there is given a sequence of integers {nh} such that for any two of them, nh and nh , \nh -nh | > 27.. Consider the following operator defined on l2
Then for any sequence {a"} E l2 such that an = 0 whenever n belongs to the set U h{m E Z:\rn -nh\ < 2L} we havê \HL{an](nh)\2<20/L 2 K|2.
Proof. We may assume a" > 0 for every n. We fix nh and without loss of generality we assume it to be 0. Then we write with obvious notations
First suppose B0 > AQ. Then, since an = 0 for n E (-2L, 2L) and an is nonnegative, we have Bj > BQ > A0 > Aj for j = 1, . . . , L. Now suppose B0 < A0. In this case Aj > A0 > B0 > B} for y = -L, . . ., -1. In any case
Hence because of the "distance property" of the nA's and of the fact that HL is a bounded operator on l2, we have 2I#lKH"*)I2 < \Jl 2 \hl{OU)\2 < lo/L 2 kP-
The result. If one frequency interval at most is associated to each l{ then no summation on Na, and on w appears in the above computations and the upper bound is easily seen to become 2<2a~xy ■ 2*11/1, iß. Now we go back to (2) . Using (3) Comments. 1 . The results do not appear to be typical of the exponentials. They depend instead on the "amount of orthogonality" of the systems. For instance if we substitute the exponentials with Walsh functions it is easy to see that the corresponding systems are orthogonal for all values of a > 0. Actually more is true. If H Fi !{■ ^ 0 it is enough to require uk n <o*< = 0 in the separation property to have orthogonal systems. This trivially implies (1) . (See [3] for an instance of a collection of functions closely related to ours.) 2. In [5] the basic estimate which is needed is an inequality like (1) in the case a = 1. (See [2] , [4] where orthogonal operators related to this case appear.) While such an inequality is true for Walsh functions, we know that it is not true in general for the exponentials. In [5] another kind of conditions (basically a control on the number of rows of operators involved) guarantees that the same Bessel type inequality is true.
